7. Paths and Curves, Cylindrical and Spherical Coordinate
Systems

In this lecture, we will discuss

e Paths and Curves R? and R3
e (Cylindrical Coordinate Systems

e Spherical Coordinate Systems

Paths and Curves R2 and R3

Definition Path and Curve

A pathin R3 (or R2)is a function ¢ : la,b] — R3 (or R2), whose domain is a subset [a, b] C R. The image of
cis called a curve in R3 (or R2). The function c is also known as a parametrization (or parametric
representation or parametric equation) of the curve.

Definition Orientation

Let c(t) : [a, b] — R3 (or R? ) be a path. The point ¢(a) is called the initial point, and we call ¢(b) the terminal
point of c. The initial and the terminal points are called the endpoints of c. The direction corresponding to
increasing values of ¢ gives the positive orientation, whereas the opposite direction defines the negative
orientation of c.

e Parametric Representation of a Line and a Line Segment

Recall in Lecture 1 Exercise 5, the parametric equations of the line £ in R that contains a point
A = (1,2,0) and with direction of a vector v = (—1, —4,4) is

r(t)=a+tv=(1-1t,2—4t,4t), teR.

Taking t € [—1, 3], we get a line segment.
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Example 1. (Related to WebWork Q4)

Find the point of intersection of the two lines L1 and Lo, where L; = (5 +t,1 — t,8 — 3t) and
Ly=(1+2s,—4+58—2s).
ANS To illﬂd %WZ PD\'V\-( O‘t
infersect fon UT L, omd L, _
We viust 1w o Izaiyrt P
tht lies on bath |ines
| Ths  memns 1 the Line
— {5+t,1-1,8-31¢}
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e Parameterization of a Circle and an Ellipse X ﬁl: Yl(,osl{, + r*sani

o The curve represented parametrically as =
c(t) = (rcﬁs t,rs?rnf), t €0, 2]
(wherer > 0)is the circle in R2 of radius 7 centered at the origin.
Generally,
c(t) = (zg + rcost,yg + rsint), t e [0,2n]
is a parametric equations of circle of radius r centered at C' = (g, o).

Below is the graph of two parametric equations.

The orange one is obtained by (2 cost, 2sint), ¢t € [0,27].

The blue oneis by (sins,2 4 cos s), s € [0,7/2]. Notice that it is an arc of the circle centered at

~

1 O {2 sin(1), 2 cos()}
: [ {sin(s), 2 + cos(s)}

............

The following graph is an example of serveral circles with their correponding parametric equations.

3

— {cos(t), sin(t)}

—— {2cos(t), 2sin(t)}
—— {1+cos(t), 2+sin(f)}
—— {cos(t), sin(t)}

2

|
o]
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o The ellipse z?/a® + y?/b* = 1 (with semiaxes a, b > 0) can be parametrized as
c(t) = (acost,bsint),t € [0, 2x].

The following graph is an example of taking different values of @ and b.

— {2cos(f), 2sin(t)}

—— {2cos(t), sin(t)}
- {cos(t), 2sin(t)}

—— {cos(t), sin(t)}

Example 2. (Related to WebWork Q2)

Sketch the curve ¢(t) = (3 cost, 3sint, t),t € [0, 27].

=1 M= Beoat, Y= 350t

fmf))t"es Xk—»ﬂl: °[ ' %Mve-(ore
{he curve lies on the %yfwe
Of the (LJ//"V\CUV‘ oT oohins 3.

-A(j - Hs FYOJQ dion onto the

y X/Z]-F/&V\Q (toke 2=0) s
{he cCircl Of Yoolius 3 oriented
Comntey clockwike

= AS 1 IncrooseS, Z toovelinege
will (ncrea < ‘(VU"\ 0 1o 27

The in i F(o;r\‘( (s (3,0, 0)

onel bhee  {evmi nod foird IS
(3,0,2T)
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Example 3. (Related to WebWork Q3)

The function r(t) traces a circle. Determine the radius, center, and plane containing the circle

r(t) = 3i+ (3cos(t))j + (3sin(t))k

/‘\\ A NS We l’lﬁ ve

e \ Bl
2 / ‘
AW =3 )= Beest, 2() =35t
W‘\L — {3, 3cos(n), 3sin(n) ‘\“
2\,\; f TI/IMS \
A4 202 ot + 3o
O\E ) ";’(‘ _ 3)
V7 S This s ke gguertion 01’ ncivel
2\\ _,7/ " {he VQY'&z cle P(D\MQ X '—‘3,
The circle (s centoved ot

(3,0,0) ond ke wdiug (s 3
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Cylindrical Coordinate Systems

There are many ways of representing points in R3 other than using the Cartesian coordinates x, ¢, and z. Two
commonly used sets of coordinates (e.g., in integration) are cylindrical and spherical coordinates.

Definition Cylindrical Coordinates r, 6, z
The cylindrical coordinates r, 0, z are related to Cartesian coordinates by

x=rcosh, y=rsinf, z=z,

where(0 < 0 < 2w, andr > 0.

Note on S %%—

As - <orctong < <, bul  we need

0@ 27 dms we have  the

,foryvm'ot dOMFM.HV\j O 'n 1he 4oble below

From Cylindrical to Cartesian From Cartesian to Cylindrical
r=+/x2+ y?
x =7 cos 6 arctan(y/z) ifr>0andy >0
y=rsinf 6 = < arctan(y/z) +7 ifz <0
z2=1z arctan(y/z) + 27 ifz >0andy <0

zZ=Zz
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Example 4. (Related to WebWork Q7)

Convert the following point from Cartesian (rectangular) to cylindrical coordinates:

(xaya z) = (\/ga _1a _5)
ANS: We Ce (71\/&

QxJﬂJZ):(@) -1, %)
Y= W:m

= 2
X WQ LVlOW
) =L
’(PM@ - > = N
Otrciomg - - lé:
Thus Since G ) = (3, - les on the

(r,0,2 )= (3, ”%, -5 ) o %de“*» 53”594211 Thus

9= 217 +omlfon & = iéﬂ

2 ==K

Exercise 5. (Related to WebWork Q10)

Convert the following point from cylindrical to Cartesian (rectangular) coordinates:
(r,0,2) = (3,7, —9.5).

Solution. We haver = 3,0 = 7, and z = —9.5. Thus,
z=r-cos(f)=3-—-1=-3
y=r-sin(d) =3-0=0
z=—-9.5
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Spherical Coordinate Systems
Definition Spherical Coordinates p, 0, ¢
The point (z,y, 2) € R3 is represented in spherical coordinates using the following data:

(a) Distance p = ||r|| = v/ &2 + y? + 22 > 0 from the origin.

(b) Angle 0(0 <6< 27r) in the zy-plane (measured counterclockwise) between the z-axis and the projection
r, of the position vector r = zi + yj + zk onto the zy-plane.

(c) Angle ¢ (in the plane containing the z-axis and the position vector r, measured from the positive direction of
the z-axis), 0 < ¢ < 7. If a point lies on the z-axis, then¢ = 0ifz > 0and ¢ = wif z < 0.

D>

y AT

=
Q—
f‘
3
(N =Y
D 3\

\\%

\

”?“9‘,\‘? “?rllcosa
= f sy x= Il - o5 0
2= ll?llcosc{? | = Png s
T2 fuosg 4= 11 7p Il 5in) = fsingsiad

From Spherical to Cartesian From Cartesian to Spherical
. P =1 /2 + y2 + 22
T = |rp|lcos 6 = psinpcosf arctan(y/) ifz>0andy>0
y = |[rp|[sinf = psin psind 0 = < arctan(y/z) + 7 ifz <0
2z = pcos . arctan(y/z) + 27 ifz >0andy <0

¢ = arccos(z/p).
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Example 6. (Related to WebWork Q8)

Convert the following point from Cartesian (rectangular) to spherical coordinates:

—5v6 —5v2 52
(x’y’z):< 4 T4 2 )

So[zm{(‘o?’\ ; WQ %Jj}gf jlo draw 0o Wh
,_:;;:':"fff.‘, {he chicc gram on the ot

TOY Hhis {:ﬂze oT %Mem‘,‘om o
hort Z701A Oon derive the —[(ormubr

ﬁawse(j
o {:‘r\d F (P, 0 90)1 we have

2 2 L -
= [ XHY 2 :J;«LG 202 A
fp A[ ﬂ w "6 T
_ S
A =8
‘t(?tv\(9: :;%* :/\E{ :E
Ag Y0, x 20, @ lies in 1o v
Q/\deh tdhus < @4?

- L _ AT
(9_ OIYC"((%V\/\]% + T = 6

COSCP:/%\:%E«_%; o=@ =T

> cp = arws/; ~ T
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Exercise 7. (Related to WebWork Q9)

Convert the following point from spherical to Cartesian (rectangular) coordinates:
3 5w
(p,0,0) = (17 0 ?)

Solution.

T

We are giventhatp = 1,0 = %Tﬂ' and ¢ = %” The relations between the spherical and rectangular

coordinates imply

in ¢ 0 — 1si 51 3T 1 V3 =2 V6
= = 1sin — — =1 . _
T = psin ¢ cos S 3cos4 5 5 1
. ¢ 0 1si ﬂ'in3ﬂ' 1 —\/5 \/5 \/6
= psin¢gsinf = 1sin —sin— =1 . - _
Yy=ps S S 35 1 5 5 1
5 1 1
z:pcos¢:1cos—7T:1._:_

3 2 2
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Exercise 8. (Related to WebWork Q6)

5T
What are the cylindrical coordinates of the point whose spherical coordinates are (p, 0, ¢) = (1, 1, —) ?

6

Same as before, we can use right-triangle relationships to convert from one system to another.

P

From Spherical to Cylindrical

From Cylindrical to Spherical

V2 4+ 22

r = psin ¢ gf
0=20 a
z
z=pcos¢ ¢ = arccos (—)
Vr2 4 22
Solution.
From Spherical to Cylindrical, we have
r = psin ¢
0=20
zZ = pcos¢
Thus
o
=1-sin— =0.5
T sin 5
=1
5 3
o= 1cos T =~ Y3 0866025

6 2
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